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Notation

Binomial coefficients have many nice arithmetic properties.
Main theme:

Properties of (') modulo p are related to the base-p
representations nyn;_q - - - nyng and mymy_4 - - - mymy.

Classic results are the theorems of Kummer and Lucas.

Let ax(n) be the number of nonzero binomial coefficients on
row n of Pascal’s triangle modulo k.

Let |n|, be the number of occurrences of the word w in
nmni—4---MNnNg.

Glaisher, 1899: ap(n) = 2/,
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Theorem (Lucas, 1878)

Let p be a prime, and let 0 < m < n. We have

() =T1(7) moa

Theorem (Fine, 1947)

I
Let p be a prime. Forn > 0, ap(n) = [ (n; +1).
i=0

A —1
Alternate expression: ap(n) = H‘,’Zo(r + 1)l
For example, as(n) = 2/713IM24lls5]ls

Goal: Generalize Fine’s result to prime powers.
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Main result

Let p be a prime. Let A.(0) =1, let A.(3) =0 for 3 > 1, and for
n>1 and 3 > 0 define An(f3) recursively by

An/n/ 1""70( )= (m+ 1)An/ il° no(ﬁ)

B [i-
+ n/Z (H P = N ) (p—n_i—1)An__,no(B —1).

Fora>0andn> 0,
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Theorem (Kummer, 1852)

Let p be a prime, and let 0 < m < n. The highest power of p
dividing (') is the number of borrows involved in subtracting m
from n in base p.

Therefore, (;)) #0 mod p“ precisely when there are fewer
than o borrows in n — m.

Let An(3) be the number of integers 0 < m < n such that there
are precisely (5 borrows involved in computing n — m.
Then apa(n) = 3523 An(B).
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Proof

Forn=nmn_q---ny,letn’ =n_1---ng.
What is the relationship between borrows in n — m and borrows
inn —m'?

We must distinguish between m < nand m > n:
There is a borrow from n;.1 in n— m if and only if m > n.

Let By(3) be the number of integers n < m < p'*1 — 1 such that
there are precisely 5 borrows up through the borrow from
n;+1 = 0 involved in computing n — m. Then

An(B) = (i + 1) Ay (8) + miBw (5)
Bn(B) = (p—nm—=1)Ax(B=1)+ (P —n)By(6—1).
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a=1landa=2

Fine’s theorem is our first corollary:

/ 11 _
s (nen) (15125057 122
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p=2andp=23:
mmr4”4}+;m0
_ olnliglnlz 1 4 1
ag(n) = 21"13"2 ( 1+ [nlso + 7 [nl11 + Flnl2o + ZInl21

p =5:

aps(N)
2Inl13Inl24Inl35|nla

=1+2|n1o + §|”|11 + 1\’7|12 + 1\’7|13
4 3 8
+ §\'7|20 +|nl21 + ﬂ|'7|22 + 1|'7|23 +3|n|30 + g!’7|31
3 9 6 8

Dl 200+ Ll + aler + 2 inlaz + i
D) 32 1 6 33 5 40 5 41 1 5 42 5 43
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For oo > 3 the expression for ap-(n) contains nested sums.
However, we can still evaluate in terms of |n|y.

p=2:

1 3 1
ag(n) = 21" (1 + 5\”’%0 +glnlio +[nlioo + 4’”\110)

Formulas for other p can be found similarly.
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The expression for « > 4 can also be evaluated.
p=2:

aie(n) _, S 1 1
o = 1T 7500 + 5 lnlo0 + glnliio

+ 2|n| + 1 |n| + 1]n\ + 1]n\ + le
1000 + 5171010 + 51Ml1100 + glMl110 + 3510070

+ Dntolnloo + 2alolnlio + - |nf3
P 10 100 8 10 110 48 10
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